Craig Huneke (in a personal communication) recently conjectured that the same chain of inclusions might hold for all the maps b; that is, we should be able to replace bl and rl in the formula above with O and r. We will prove this formula in characteristic 0. More generally (in the proof of the stronger Theorem 1.1, below) we will exhibit an identity involving the minors of maps in an arbitrary free complex with homotopy that implies the following. It seems reasonable to hope that the integer coefficients could be removed from these results altogether. (1) . What about the second? The result of Buchsbaum-Eisenbud [4] to which we have already referred shows that for all < 9 there must be numbers n (possibly depending on ') such that
The second inclusion in formula (1) gives a much better statement for 1, and suggests that much stronger results might hold in general. In fact, for 2, such a result is known.
THEOREM A (Buchsbaum-Eisenbud [4] , Bruns [1] (3) ,,(,) g J,(,).
The name we have given this conjecture reflects the fact that it trivially implies the "Syzygy Conjecture" of Eisenbud-Buchsbaum [5] and Horrocks (in Hartshorne's problem list [9] there are fairly trivial counterexamples in low characteristic, and also some in characteristic 0).
We conclude with a brief study of the special case of the exterior powers of an ideal J (the first syzygy of the cyclic module R/J, which has J as annihilator).
The desired strengthening in this case amounts to saying that J annihilates/2 j, which is easy seen to be true in characteristic 0 (in general, 2. j(/2 j)= 0, and this is sharp). We mention an interesting question about the annihilators of higher exterior powers of ideals, as well.
We are grateful to Wolfram Decker, E. Graham Evans, Lung-Ying Fong, Juergen Herzog, Craig Huneke, Rob Lazarsfeld, and Wolmer Vasconcelos for discussions related to the material in this paper.
1. A formula for the minors of maps in a complex with homotopy.
commutative ring, and let Let R be a be a complex of free R-modules of finite rank, bounded on the right. We define r r() to be the alternating sum of the ranks of the F for j < i" 
is a j x j minor of bi. Let {em} and {/m} be dual bases of Fi-1 and F*_ respectively, chosen so that the first j elements form bases of E and E* and e el^^e.
With this notation, we will show that (r j)pe(qb,(f)) (-1) rank Fi_ 13 m^e ,(cki(f A ki(em))).
This gives (ri-j)pe(bi(f)) as a linear combination of (j + 1) x (j + 1) minors of b with coefficients in 11 (@), and thus suffices to prove the theorem. Putting these parts together, and remarking that e.,^e and with it the expression e,,^e((f)^pe)is zero unless m > j, we get (rank F_l j)pa(i(f)) (-1) rank e,.^e(qi(f^O(e,,)) + r_ipe(q,(f))). However, in all the examples we have been able to examine, the answer to Question is "yes" for > 2, and it seems possible that this is true in general.
Of course if the module M is a graded module of finite length over a polynomial ring, then its syzygies (other than the first) are the modules of sections of vector bundles on projective spaces. The module M itself appears as a cohomology module of such a bundle. Thus the question above suggests the following question. Question 2. In characteristic 0, if E is a vector bundle of rank r on a projective space with homogeneous coordinate ring R, and I is the product of the annihilator ideals of the cohomology modules of E, is I ann(/ H,(E))?
We are grateful to Wolfram Decker for pointing out to us that it is not enough in the above to take I to be the intersection of the annihilators of the cohomology modules of E.
Note that the ideal ann(/ o H,(E)) is 0 if E is a sum of line bundles, and, more generally, remains unchanged if E is replaced by E ) (line bundle).
We come now to the main result of this section. We define the torsion submodule of a module over a ring R to be the intersection of the kernels of all homomorphisms to R. On the other hand, for < j < r 1, the kernel of E(R)(j-1) () M/@(r-j+l) ._ F/@_i () M/@(r-j) For a start, we note that if J coker (1: F G), and G has rank/, then/k J is annihilated by 11 (1) ; in fact, / J R/I1 (1). Now I1(ffl) need not in general be any larger than jr. These two ideals are equal, for example, if I is generated by a regular sequence or if R is a local ring and J is its maximal ideal. However, an old result of Vasconcelos says that if J is of finite projective dimension in a local ring and 11 (bl) J (equivalently j/j2 is free over R/J), then J is generated by a regular sequence. This gives a nice proof of the fact that a ring whose maximal ideal has finite projective dimension must be regular.
The following conjectural answer to Question 3 represents a substantial strengthening of these results. CONJECTURE 2.6. If R is a rin9 of characteristic 0 and J is an ideal of finite projective dimension havin# codimension c, then J is strictly contained in ann/+1 j.
It is easy to reduce the conjecture to the case where the ideal J is primary to the maximal ideal of a local ring. Of course it would already be nice to prove the conjecture in the case where R is a regular local ring. To avoid stating too many hypotheses, we will now discuss only what is known in that case: The conjecture is of course true if J is generically a complete intersection. It is also true if J is perfect of codimension < 2, or Gorenstein of codimension 3. In the primary case it seems possible that a finer statement is true: if P is the maximal ideal of R, and J is P-primary, it seems plausible that (J:P), which is always bigger than J, annihilates A +1 J.
